We construct a pipeline for simulating weak lensing cosmology surveys with the Square Kilometre Array (SKA), taking as inputs telescope sensitivity curves; correlated source flux, size and redshift distributions; a simple ionospheric model; source redshift and ellipticity measurement errors. We then use this simulation pipeline to optimise a 2-year weak lensing survey performed with the first deployment of the SKA (SKA1). Our assessments are based on the total signal-to-noise of the recovered shear power spectra, a metric that we find to correlate very well with a standard dark energy figure of merit. We first consider the choice of frequency band, trading off increases in number counts at lower frequencies against poorer resolution; our analysis strongly prefers the higher frequency Band 2 (950-1760 MHz) channel of the SKA-MID telescope to the lower frequency Band 1 (350-1050 MHz). Best results would be obtained by allowing the centre of Band 2 to shift towards lower frequency, around 1.1 GHz. We then move on to consider survey size, finding that an area of 5,000 square degrees is optimal for most SKA1 instrumental configurations. Finally, we forecast the performance of a weak lensing survey with the second deployment of the SKA. The increased survey size (3π steradian) and sensitivity improves both the signal-to-noise and the dark energy metrics by two orders of magnitude.
INTRODUCTION
Weak lensing analyses measure coherent distortions in the shapes of large numbers of background galaxies caused by the gravitational lensing effect of intervening matter along the line of sight. This enables both direct mapping of mass within the Universe (without recourse to assumptions about how luminous matter traces total matter) and tracking of the dark energy equation of state to enable constraints on physical models of the observed accelerated expansion. This science goal can be pursued through statistical analyses of the amount of lensing caused by large scale structure (or "cosmic shear") and how it evolves with redshift, and is widely recognised as one of the most important outstanding questions in contemporary cosmology (e.g. Weinberg et al. 2013) .
To date, the overwhelming majority of cosmic shear analyses have been performed in the optical waveband, from the first detections (Bacon et al. 2000; Wittman et al. 2000; Van Waerbeke et al. 2000; Kaiser et al. 2000) to the current state of the art represented by the CFHTLens (Heymans limit the precision of cosmological parameter constraints and subsequent confidence in model selection. Measuring the weak lensing signal from radio-wavelength data carries a number of potential unique advantages over other wavebands, as discussed in Section 2.1 and Brown et al. (2015) , which can be used to gain additional information and mitigate many of these systematics. Also, crosscorrelations between shear maps created at different wavelengths can remove systematics, such as un-modelled beam ellipticity, which are not common between experiments (as in Demetroullas & Brown 2015) .
In a companion paper , hereafter Paper I), we use Monte Carlo Markov Chain (MCMC) forecasting techniques to derive theoretical predictions for the scientific reach of SKA weak lensing surveys in terms of the forecasted constraints on cosmological models including dark energy and Modified Gravity theories. Paper I also examines in detail the statistical precision with which opticalradio cross-correlation techniques -which should be very robust to instrumental systematic effects -can constrain cosmological models (e.g. by combining the SKA2 and a Dark Energy Task Force Stage IV optical weak lensing survey like Euclid ).
In this paper we construct a detailed simulation pipeline in order to perform a more realistic assessment of the prospects for SKA weak lensing. While Paper I presents the science case for radio weak lensing and for optical-radio cross-correlation studies, the analysis we present here goes significantly beyond this and takes into account a number of real world effects that are not accounted for in the forecasts of Paper I-and indeed, which are also absent from most other weak lensing forecasting studies.
Our simulation pipeline takes as input cosmological shear power spectra and simulated radio source populations. We then create mock catalogues of objects according to selection cuts specified by the depth and resolution available from the envisaged SKA surveys at a specified observing frequency. We assign to each object a measured shape, taking into account a realisation of the cosmological shear signal (based on the supplied theory spectra) as well as additional contributions to mimic the effects of the intrinsic distribution of galaxy ellipticities and errors from the measurement of shapes in real data. In addition we assign each object an "observed" redshift composed of the true redshift plus an error term. Our model for the redshift errors is based on the assumption that redshift information for the SKA source catalogue will be provided mostly by overlapping optical photometric redshift surveys. Whilst ultimately the full SKA will provide its own spectroscopic redshifts for many weak lensing sources through 21cm HI line surveys (see e.g. Yahya et al. 2015 ), this will not be possible for the majority of the high-redshift lensing sources during the first phase of the SKA. The simulated object catalogues are subsequently passed through an analysis pipeline, composed of a multiple redshift-bin map-making step followed by a tomographic auto-and cross-power spectrum analysis. This latter step includes a correction for the limited sky coverage of the envisaged SKA surveys plus a noise bias subtraction step to correct the power spectra for the effects of galaxy ellipticity errors due to both the intrinsic scatter in galaxy shapes and measurement noise.
As an example application of our simulation tool, we use our pipeline to determine the optimum observation frequency for an SKA weak lensing survey with SKA1-MID, the first phase of deployment of the mid-frequency dish interferometer component of SKA. Whilst source number counts are higher at lower frequency, due to the ν −0.7 synchrotron spectrum expected for radio emission from starforming galaxies, the instrumental resolution decreases and point spread function (PSF) distortions from the turbulent ionosphere become more important. By exploring the parameter space in central observing frequency, PSF size and image-plane root-mean-square (RMS) noise level, and by defining a suitable figure of merit (FoM) that quantifies the overall precision of the power spectrum recovery, we are able to determine the instrument configuration which provides the best weak lensing performance. For the identified optimum configuration, we also investigate the optimum survey area for a fixed amount of SKA1-MID observing time. Finally, looking ahead, we also present a simulation of the weak lensing performance of the second phase deployment of the SKA (SKA2-MID) which will provide a tenfold increase in survey depth (Braun et al. 2015) , allowing for significantly improved cosmological constraints.
The paper is organised as follows. Section 2 provides an overview of weak lensing cosmology, with a particular focus on the advantages of radio weak lensing in Section 2.1. Survey and telescope specifications are laid out in Section 3. In Section 4 we describe the SKA observation simulation pipeline and its ingredients. The application of our pipeline is demonstrated in Section 5 where we also investigate the optimal instrumental configuration and survey areas for weak lensing with SKA1-MID. We present our conclusions in Section 6.
WEAK LENSING COSMOLOGY
Gravitational lensing is the distortion of the images of background sources by the deflection of light caused by the gravitational potential of massive objects along the line of sight (see e.g. Schneider et al. 2006 , and references therein for a full description). In the weak lensing limit, the distortion of images can be written as a Jacobian transformation between the co-ordinate systems in the source and image plane, where the Jacobian matrix is
where κ is the convergence and γ the complex shear, γ = γ1 + iγ2. The convergence represents the change in source size (whilst preserving surface brightness) and the shear is a spin-2 field which stretches circular light profiles into ellipses in one of two polarisations: one in parallel to a pair of chosen reference axes and one at 45 degrees to this. In the weak lensing regime the shear may be related to the integrated gravitational potential ψ along the line of sight between the source and observer at sky position θ:
Contributions to this potential come from all gravitating matter along the line of sight, meaning the cosmic shear is a probe of the full matter distribution directly, without recourse to bias prescriptions between visible and dark matter. Elliptical light profiles of background sources (galaxies here) may also be mapped onto a spin-2 field, the ellipticity . For simple galaxy profiles with elliptical isophotes, we have
where a and b are the galaxy major and minor axis and φ is the galaxy position angle (more generally, can be written as a function of second order moments in the galaxy light profile). When observed, a galaxy's ellipticity then receives contributions from the intrinsic (projected) shape of the source and the additional ellipticity generated by gravitational lensing shearing. In the weak lensing limit, we can model this as
where int is the galaxy's intrinsic ellipticity. Under the assumptions that, within a chosen cell on the sky, the shapes of many galaxies are distorted by the same gravitational potential and have intrinsic shapes which are uncorrelated with an azimuthally symmetric probability distribution (i.e. giving int = 0) then the observed ellipticity averaged over N galaxies within this cell becomes an unbiased estimator of the cosmic shear. Even tighter constrains can be obtained by sub-dividing the samples into multiple tomographic redshift bins (labelled i, j) and considering the two-point statistic in spherical harmonic space:
Here, H0 is the Hubble constant, Ωm is the (total) matter density and c is the speed of light. a(χ) is the scale factor of the Universe at comoving distance χ and fK (χ) is the angular diameter distance (given simply by fK (χ) = χ in a flat Universe). P δ (k, χ) is the matter power spectrum. The functions g i/j (χ) are the lensing kernels for the two redshift bins in question, which depends on the distributions of galaxies.
Using Eq. (5), the matter power spectrum for a given cosmology P δ (k, χ) may then be related to the observed shear power spectrum,
where a i m are the E-mode coefficients in a spin-2 spherical harmonic expansion of the observed shear field for bin i, and the asterisk denotes complex conjugation.
To first approximation, the achievable errors onĈ scale simply with the survey area f sky , the sky number density of galaxies available n gal and the RMS variance of the galaxies' ellipticity distribution σ :
Given a set of observed shear power spectra and an associated covariance matrix, one can then use the above formalism to compare weak lensing observations to the expected signal for a given cosmology and estimate the most likely values of parameters within that cosmological model.
Radio weak lensing
Up to now, weak lensing measurements at radio wavelengths have been limited by surveys' ability to achieve the high number densities of high redshift background sources necessary. One exception is the study using data from the Faint Images of the Radio Sky at Twenty centimetres (FIRST) survey by Chang et al. (2004) : a wide, shallow survey in which a 3.6 σ detection of a lensing signal was made. Patel et al. (2010) also measured the shapes of objects, in combined Very Large Array (VLA) and Multi-Element Radio Linked Interferometer Network (MERLIN) observations of a 70 arcmin 2 region of the Hubble Deep Field-North, in both radio and optical, at high number densities but with an overall sample size too small for a weak lensing detection. Most recently, Demetroullas & Brown (2015) crosscorrelated galaxy shapes in the radio FIRST survey with those in the optical Sloan Digital Sky Survey (SDSS) and made a marginal detection of cosmic shear, whilst demonstrating the removal of wavelength-dependant systematics.
Newly upgraded radio telescopes such as the JVLA and e-MERLIN are capable of the sensitive, wide field-ofview observations necessary for a weak lensing survey and the forthcoming SKA will provide cosmological constraints competitive with premier optical experiments Harrison et al. 2016) . The Super-CLuster Assisted Shear Survey (SuperCLASS 8 ) is an e-MERLIN legacy survey whose primary science goal is to measure a significant weak lensing signal in the radio, learning about the properties of relevant background sources and developing techniques for shear measurement in interferometric data.
In addition to simply providing competitive background source number densities and survey areas, radio weak lensing surveys have a number of unique advantages . Firstly, radio interferometer PSFs are in principle highly deterministic and stable in time, removing potential biases in source shape reconstruction. Moreover, an SKA survey will access larger angular scales (because of the large fraction of the sky covered, up to f sky = 0.75) and higher redshifts (because of the source redshift distribution in the radio) than achievable in other wavebands, thus providing better constraint on dark energy models and least dependence on poorly-known non-linear scales. Finally, it has been argued that polarisation (Brown & Battye 2011; Whittaker et al. 2015) and rotational velocity (Blain 2002; Morales 2006; Huff et al. 2013 ) information available in the radio could be used to trace the intrinsic alignment of objects (see e.g. Kirk et al. 2015) .
The extent to which these potential advantages will be realised depends on both the exact properties in continuum and polarisation of the µJy radio source population and the development of necessary data analysis techniques. Nevertheless, information uniquely available from radio surveys will inevitably add more constraining power to weak lensing cosmology and provide a valuable cross-check. In particular, cross-correlations between shear maps constructed from radio and optical surveys can remove systematic errors induced in each map by the telescope, as explored in Camera et al. (2016) .
TELESCOPE AND SURVEY SPECIFICATIONS
In this section, we summarise the instrumental specifications of the SKA that are relevant for weak lensing. We use these specifications to model the instrument in the simulation pipeline described below. The SKA (see chapters within Braun et al. 2015) will be built between now and the late 2020s, with the current plan consisting of two main phases of construction, both taking science quality data. Here we focus on the first phase of the SKA (SKA1) expected to be complete in 2023, and with early science observations (with approximately 50% of the array) beginning around 2020. SKA1 will consist of two sub-arrays: SKA1-LOW will be an aperture array operating at low radio frequencies from 50 MHz to 350 MHz and built in Western Australia, whilst SKA1-MID will be a dish array with up to five observational frequency bands spanning the range 350 MHz to 13.8 GHz located in Southern Africa. For weak lensing, it is SKA1-MID which is of interest, as it provides both the sensitivity and spatial resolution to capture morphological information on high redshift (z 1 ) star forming galaxies which are used for measuring cosmic shear. SKA1-MID will represent a significant jump in the capabilities of radio telescopes, improving on the JVLA by factors of 4 in resolution, 5 in sensitivity and 60 in survey speed. The observing frequency range for SKA1-MID will be split into multiple frequency bands. As currently defined, the bands of interest for radio weak lensing are Band 1 and Band 2. Band 1 will cover 350 MHz to 1050 MHz (giving a bandwidth of 700 MHz) and Band 2 will cover 950 MHz to 1760 MHz (giving a bandwidth of 810 MHz). These band definitions are subject to change and, in this work, one of the questions we attempt to answer is what the optimal central frequency would be (for a fixed overall bandwidth) in order to maximise the weak lensing science return. To address this, we will consider central observing frequencies across the whole range 350 MHz to 1760 MHz (i.e. we do not require that the entire frequency coverage considered within a simulated experiment sits solely within one band).
As a default we consider a usable bandwidth of 30% of the total available bandwidth in the current definition of Band 2. We note that this is a conservative approximation: in principle, one could use the entire 810 MHz bandwidth in order to extract galaxy shape measurements since the lensing signal we are interested in is achromatic. Moreover, the colour gradient bias caused by un-modelled frequencydependent PSF effects (Voigt et al. 2012 ) is expected to be much less of a problem in radio observations because frequency-dependent PSF effects can be modelled exactly. However, even though the SKA telescope will be situated in an exceptional Radio Frequency Interference (RFI) quiet site, in practice parts of the band may still be rendered unusable due to RFI caused by mobile phones, satellites etc.
In all of our simulations, we adopt a total amount of observing time on SKA1-MID of 10,000 hours. In addition to weak lensing, such a survey would meet many other continuum and cosmological science goals and could be done commensally with a 21cm HI line survey. We also note that the sensitivity of the observations scales with observing time and bandwidth in an identical fashion. Thus, the conclusions we draw from our adopted 30% bandwidth / 10,000 hr configuration are also immediately applicable to a 100% bandwidth / 3,000 hr configuration. In order to explore the optimal central frequency for weak lensing, we consider a default survey area of 5,000 square degrees. For a limited number of well performing central frequency choices, we also investigate the dependence of the weak lensing science performance on the survey area.
SIMULATION PIPELINE
The simulation pipeline we constructed consists of the following steps:
(i) Input shear power spectra are computed according to a given cosmology and for a set of redshift slices.
(ii) Simulated shear maps are generated based on the input power spectra.
(iii) A catalogue of galaxies is generated depending on intrinsic properties (joint flux, redshift and size distribution for the considered galaxy populations) and instrumental specifications (frequency, resolution, sensitivity, sky coverage of the observation).
(iv) A measured redshift is associated to each galaxy of the catalogue, with different measurement errors adopted depending on whether a photometric or spectroscopic redshift is being modelled.
(v) A measured ellipticity is associated to each galaxy in the catalogue, with shear ellipticity given by the simulated shear map at the redshift and sky position of the galaxy, plus intrinsic ellipticity and shape measurement errors.
(vi) The simulated galaxy ellipticity catalogues are binned into shear maps from which the shear power spectra are estimated.
(vii) The recovered power spectra are averaged over several shear and catalogue realisations and are compared with the equivalent expected power spectra from theory.
Each step of the pipeline is described in detail in the following sub-sections.
Input shear power spectra and maps
For this paper we consider a set of best-fitting cosmological parameter values from the Planck 2015 results. Specifically, we adopt the "TT,TE,EE+lowP+lensing+ext" results from Planck Collaboration et al. (2015): {Ωm, σ8, h, Ω b , w0, wa} = {0.309, 0.816, 0.677, 0.0487, −1, 0}. Here, σ8 is the normalisation of the matter power spectrum expressed in terms of the RMS density fluctuations averaged in spheres of radius 8 h −1 Mpc and h is the dimensionless Hubble parameter defined such that H0 = 100 h km s −1 Mpc −1 . Ωm and Ω b are the matter and baryon density parameters while w0 and wa are the equation of state of dark energy and its redshift dependence.
In this paper, we choose to model the 3-dimensional (3D) cosmological shear field as a series of correlated 2-dimensional (2D) shear fields at multiple positions in redshift space. This approach allows us to efficiently generate realisations of appropriately correlated Gaussian random shear fields, on the full (curved) sky, at multiple positions in redshift space. We choose the number and redshift positioning of our 2D shear fields to match the median redshifts of a set of narrow redshift bins, which are in turn chosen to ensure that the size-flux distribution of our modelled galaxy population is approximately constant across each bin (see Section 4.2). This prescription defines a set of n bin = 11 median redshifts spanning the range 0.036 < zm < 10 at which we generate the input shear fields.
The auto-and cross-shear power spectra for each redshift bin combination are calculated according to Eq. (5). Our power-spectrum generation code uses the Bond & Efstathiou (1984) approximation to calculate the linear CDM power spectrum, P δ (k, χ), and we use the HALOFIT code (Smith et al. 2003) to calculate the non-linear P δ (k, χ).
Our simulation proceeds by generating a set of n bin Gaussian random shear fields, properly correlated between different bins (according to the appropriate shear crossspectra) following the procedure described in Brown & Battye (2011) . Briefly, at each multipole , we form the n bin ×n bin power spectrum matrix, C ij . Taking the Cholesky decomposition of this matrix (L ij ) defined by
we generate random realisations of the spin-2 spherical harmonic coefficients of the shear fields on each redshift slice according to
where G i m is an array of unit-norm complex Gaussian random deviates. We then use the HEALPix software (Górski et al. 2005) to transform the shear field for each redshift slice to real space maps of γ1 and γ2. Note that the harmonic modes of Eq. (9) are the even-parity E-modes. In this work we model the lensing shear fields as pure E-mode, and consequently, the B-modes are set to zero. Our numerical implementation employs a HEALPix resolution parameter N side = 2048 which corresponds to a shear map pixel size of ∼ 2.7 arcmin. Our subsequent power spectrum recovery will therefore be limited to lmax 2N side = 4096.
Source populations
Below ∼1 mJy the 1.4 GHz source counts change from being dominated by active galactic nuclei (AGNs) to being dominated by star-forming galaxies (see, e.g. Hopkins et al. 2003; Muxlow et al. 2005; Moss et al. 2007; Condon et al. 2012) , even though radio-quiet AGNs could still contribute to the upturn below 1 mJy (Jarvis & Rawlings 2004; White et al. 2015) . In our simulation we have attempted to mimic a weak lensing analysis that makes use of the star-forming galaxy population only.
To model the properties (flux, size and redshift distributions) of the star-forming population we relied on the SKA design studies S-cubed Extragalactic (S3-SEX) simulation of Wilman et al. (2008) , after comparing the simulation outputs with the most recent data and performing a few adjustments.
In particular, at the time the S3-SEX simulation was produced there was very little information on the source counts below the mJy level, where star-forming galaxies begin to dominate. The situation has significantly improved over the last years, thanks to deeper surveys and the use of statistical methods to constrain source counts below the detection threshold, such as stacking (Dunne et al. 2009; Karim et al. 2011) , maximum likelihood (Mitchell-Wynne et al. 2014) and "P (D)" (Condon et al. 2012; Vernstrom et al. 2014) .
Since this is clearly a key ingredient of the simulation, we recalibrated the number of star-forming galaxies in S3-SEX, by means of a global normalisation factor, to match the most recent deep radio observations. To obtain this factor we computed the differential source counts of the S3-SEX star-forming galaxies and compared them with the P (D) analysis of Vernstrom et al. (2014) between 5 and 200 µJy, corrected for the AGN contribution with the best-fit model of Massardi et al. (2010) . Based on this analysis we multiply the number of galaxies sampled from the distributions in S3-SEX by a factor of 2.25, as we believe this best represents the true number densities available to SKA1-MID (see Fig. 1 ). This recalibration is fully consistent with other statistical analyses (e.g. Condon et al. 2012) and improves the agreement with several other deep radio studies that are based on number counts of galaxies detected at high S/N (Muxlow et al. 2005; Morrison et al. 2010; Schinnerer et al. 2010) .
Similarly, we have re-calibrated the size information of S3-SEX in light of recent data from a number of deep radio experiments (Biggs & Ivison 2006; Owen & Morrison 2008; Schinnerer et al. 2010, Wrigley et al. in prep) . In Fig. 2 we compare the major axis full width at half maximum (FWHM) size distributions within these observed data sets to the comparable distributions at the same frequency and flux limit within SKADS S3-SEX. As can be seen, S3-SEX consistently over-estimates the sizes of objects, with a division by a factor 2.5 of all source sizes providing significantly better agreement with the data.
The projected 2D distributions in flux, size and redshift for star-forming galaxies within S3-SEX (after the above corrections have been applied) are displayed in Figure 3 . Given our procedure of simply rescaling quantities by a constant factor, the correlation between flux, size and redshift is the same as the original S3-SEX. In principle, a more consistent approach would be to update the simulation inputs (luminosity functions, redshift distributions, size models) and produce a new realization, rather than recalibrating its outputs. Such analysis is however beyond the scope of this work.
For generating our simulated catalogues, we should in principle sample from the joint 3D distribution of these three correlated quantities. However, for computational convenience we have defined narrow redshift bins to sample within which guarantee a weak dependence of the flux-size distribution on z within a redshift slice. This allows us to simplify our simulation by sampling from the 2D flux-size Available angular size data of faint radio sources and comparison to the distribution within the SKADS S3-SEX simulation (Wilman et al. 2008) . The sizes of objects in S3-SEX appear to be significantly overestimated. For this work, we re-scale all object sizes with a factor of 1/2.5 which, as shown in the figure, provides a much better fit to the observations. distribution for each redshift bin independently. This procedure also sets the redshifts at which we simulate the correlated 2D shear fields, as previously described in Section 4.1.
The generation of source samples from the 2D flux-size distributions is performed using the S3-SEX simulated fluxes at ν = 1.4 GHz. The sampled sources are then propagated to the observational frequency of interest assuming a synchrotron scaling law ν −0.7 . To sample from the 2D flux-size distributions, we first perform a principal component analysis on the flux-size samples from S3-SEX to get a set of two (maximally) uncorrelated new variables. We then sample from the 1D distributions of each of those two variables independently and finally convert these samples back to correlated flux and size with the inverse principal component transformation. The procedure to sample from a generic 1D distribution (in our case redshifts, principal components) is based on a change of variable to map the quantity of interest to a new one that is uniformly distributed. The mapping therefore depends on the probability distribution of the variable of interest. Once generated, a galaxy is included in the catalogue for a given experimental configuration according to two cuts:
• Flux cut: we require the total galaxy flux at the observational frequency to be greater than 10 times the RMS image-plane noise level (Srms) for the experiment.
• Size cut: the galaxy major axis must be greater than 1.5 times the PSF FWHM for the experiment.
These cuts are conservative in comparison to those typically used for source catalogue creation, but are in line with the requirements for obtaining reliable galaxy ellipticity measurements for cosmic shear (e.g. Jarvis et al. 2015) .
In order to model the redshift estimates that we can expect to be available for future SKA surveys, we assume a fraction fspec-z = 0.15 of sources with redshift z < 0.6 to have perfect redshift determinations from the spectroscopic detection of their HI line. For the remainder we assign a measurement error due to photometric redshift estimation which we assume can be supplied by overlapping wide-field optical surveys. Alternatively, further redshift information may be available for sources which do not meet the strict threshold for spectroscopic detection, via sub-threshold estimators which return a still useful posterior probability distribution for the redshift P (z)à la photometric estimators in the optical waveband. For galaxies up to a maximum redshift of z = 2, we draw from a Gaussian of width σ photo-z = 0.04(1 + z). For galaxies at higher redshift, we draw from a broader Gaussian with σno-z = 0.3(1 + z) (see Paper I for the most conservative case where no redshift can be obtained for high-z objects).
SKA survey sensitivities
To implement the selection cuts on flux and size, for each experimental configuration (i.e. for each central observing frequency and survey area considered) we require an estimate of the effective sensitivity and resolution of the survey. This is straightforward to calculate for a direct imaging telescope as the sensitivity and resolution are uniquely determined by the instrumental design and observation frequency. For an interferometer telescope such as the SKA, the situation is (Wilman et al. 2008 ) and used for our simulation, with re-scalings as described in Section 4.2.
slightly more complicated as these two quantities (the sensitivity and resolution of the telescope) are not independent. An interferometer is sensitive to the sky signal on a range of spatial scales which are determined by the array's distribution of baselines. The telescope's sensitivity to a particular spatial scale (or sky Fourier mode) is proportional to the number of corresponding baselines in the array while the size and shape of the effective PSF are also determined by the distribution of baselines and the particular array configuration.
For our purposes, the net effect of this is that for any given central observing frequency, there is an entire range of combinations of effective sensitivity and resolution that one can consider. To include these effects in our study, we use the most recent SKA1 Level 0 Science Requirements document produced by the SKA office (SKAO Science Team 2015) . For the frequency range of interest (essentially spanning the SKA1-MID Band 1 and 2 frequency ranges) that document presents estimates of the SKA1-MID sensitivity performance for a range of effective resolutions (or PSF sizes). The corresponding sensitivity surfaces are displayed, along with the overlayed frequency ranges of Band 1 and Band 2 (as currently defined) in Fig. 4 . These calculations assume a particular SKA1-MID antenna configuration (with maximum baseline length 150 km) and have been calculated for the case of a 10, 000 hour wide-field survey making use of 30% of the total bandwidth available within each SKA frequency band. The 30% bandwidth assumption simplifies the interpretation for science areas that are sensitive to the spectral dependence of sources across the full band, and also accounts for RFI losses.
9 For each central frequency considered, the RMS image-plane noise level is then calculated in Jy beam −1 for a survey covering 3π steradians of the sky, with information on available baselines weighted to give a high-quality image-plane PSF of a given FWHM. In order to scale these sensitivities to different total sky areas for a fixed amount 9 We note again that a weak lensing analysis could in principle extract useful information from the entire RFI-free bandwidth. of observing time, we keep the quantity √ Asur/Srms fixed, where Asur is the survey area and Srms the RMS sensitivity.
It may be expected that shape measurement for radio weak lensing will be conducted not in the image plane but directly with the raw Fourier-plane visibility data which constitutes the output from an interferometer (see e.g. Harrison & Brown 2015) . Though it may not be optimal for weak lensing, the image-plane sensitivity at a given PSF size, displayed in Fig. 4 , nevertheless provides a measure of the spatial scales on which the SKA1-MID telescope has baselines to measure morphological information, and we use it here in lieu of detailed simulations of visibility plane data.
Population shape measurement
For the galaxies meeting our flux and size selection cuts and being recorded in a catalogue for a given experiment, we also generate an observed ellipticity obs , given by the intrinsic ellipticipy plus a noise term. Noise on cosmic shear measurements consists of both shape noise (due to the intrinsic ellipticities of the source galaxies) and measurement error. The latter depends on the quality of the data (like signal-tonoise and resolution) but also on the method used to measure the shapes. Indeed, measuring ellipticities of individual sources within real data is a complicated image analysis task, whose development for radio interferometers is only just beginning (see e.g. Patel et al. 2014 , and the radioGREAT challenge).
10 The status of the analysis in the optical is currently much better, thanks to the progress made between initial (Heymans et al. 2006 ) and recent (Mandelbaum et al. 2015 ) community algorithm challenges.
Here, we assume that the quality of shape measurement that is currently state-of-the-art for optical weak lensing will be obtainable for future (2020 and later) SKA1 data. The requirements on systematic shear measurement errors in order for an SKA1 experiment to saturate its statistical error bars are also similar to the DES-like optical experiments whose measurement algorithm performance we consider here (see Table 3 . of Patel et al. 2015) . To this end, we make use of large scale simulations developed for optical shear measurements (Kacprzak 2015) to model the total (noise plus measurement) shape errors. These simulations take models of galaxy light profiles from deep optical observations of the COSMOS field by the Hubble Space Telescope. After PSF deconvolution the galaxies have their light profiles modelled with a shapelet decomposition (as described in Mandelbaum et al. 2012) . The galaxies are then placed in postage stamps with different noise realisations, and with amplitudes corresponding to a large range of signal-to-noise (SNR) values. IM3SHAPE, a shape measurement code which performs a maximum likelihood fit of Sérsic profiles to a galaxy (Zuntz et al. 2013) , is then applied to these noisy postage stamps to simulate the effect of observing the ellipticities. These "observed ellipticities" contain both shape noise from the intrinsic galaxy ellipticity distribution already present in the Mandelbaum et al. (2012) catalogue as well as measurement noise from the IM3SHAPE fitting. Figure 5 displays a histogram of the "observed ellipticities" ( obs ) generated for the 1 shear component (the 2 component is similar), showing the strong dependence of the shear measurement error on the source SNR. We stress again that its validity for our purposes relies on the hypothesis that the quality of radio shape measurements for SKA1 will reach the level that is currently state-of-the-art in optical studies. In the case where this is achieved via shape measurement of individual galaxies in reconstructed images with approximately white noise properties, IM3SHAPE is a viable option and Figure 5 is directly applicable. Departures from this regime will modify the shape of the observed correlation between ellipticity and signal-to-noise. However, a strong trend between these two quantities, qualitatively similar to that of Figure 5 , has also been found in the extremely dif-10 http://radiogreat.jb.man.ac.uk Figure 5 . Noise distribution for observed ellipticity, combining shape noise from intrinsic galaxy ellipticities and measurement noise from simulated IM3SHAPE measurements, showing the strong dependence on galaxy signal-to-noise ratio.
ferent regime of measuring radio band shapes directly from the visibilities ( Figure 5 of Rivi et al. 2016 ).
Other source properties, such as angular size, are expected to scale the distribution, but more weakly and are ignored here. In our simulation, when a galaxy is drawn from the size-flux-redshift distributions, it is then assigned an observed ellipticity which is composed of the sum of the cosmological shear signal, γ (generated as described in Section 4.1) and a sample drawn from the one-dimensional distribution extracted from Fig. 5 at the corresponding SNR. This ensures that the dependence of shape measurement uncertainties on source SNR is correctly accounted for in our simulations.
Ionospheric effects
A posited advantage of performing weak lensing analyses in the radio band is that, in contrast to ground-based optical experiments, turbulence on arcsecond scales in the Earth's atmosphere is not expected to significantly distort galaxy images and diminish the accuracy of shear measurements at radio frequencies. This 'seeing' effect is a major limiting systematic for ground-based optical weak lensing experiments. However, at lower radio frequencies, turbulence in the ionosphere and troposphere means this seeing effect returns. The strong negative (typically ∼ ν −2 ) scaling of these effects with frequency means they may be avoided by observing at higher frequencies. On the other hand, the ν −0.7 scaling of the dominant synchrotron emission from star-forming galaxies means that available galaxy number densities will also decrease at higher frequencies, thus increasing the shot noise term in Eq. (7) and reducing the constraining power of cosmic shear measurements. One of the key uses of our simulation pipeline is to quantify the relative importance of these competing effects.
Whilst schemes exist for calibrating ionospheric effects Figure 6 . The ionospheric PSF model used in this paper, which sets the limiting smallest achievable PSF for a given observational frequency. SKA1-MID Band 1 and Band 2 frequency regions are also marked.
(see e.g. Intema 2014), they typically require interpolation of PSF corrections across the sky between the bright point sources which are used for calibration. Analogously in the optical waveband, PSF corrections are often interpolated between stars used as point sources (e.g. Kitching et al. 2013 , and the methods described therein). Unfortunately, the bright point sources required for ionospheric calibration do not appear at high densities on the sky, meaning residuals from corrections will likely be large compared to the shear signal used for weak lensing cosmology. In order to include the effects of the ionosphere in our simulation pipeline, we use a simple model of Kolmogorov turbulence and take a conservative approach, expecting that no calibration is performed. For our Kolmogorov turbulence model we use a Fried parameter of r d = 10 km (measured at 150 MHz) from Vedantham & Koopmans (2015) . The FWHM of the Kolmogorov PSF is then given by:
with the Fried parameter scaling as:
The steep behaviour of the size of this PSF can be seen in Fig. 6 , along with the Band 1 and Band 2 frequency ranges. In regions of the frequency-PSF FWHM plane (Fig. 4) where the size of the Kolmogorov turbulence PSF, θK , becomes greater than the available PSF FWHM from the experimental configuration, we discard the configuration. As shown in Fig. 4 , this excludes a significant proportion of the parameter space covered by the currently envisaged SKA-MID Band 1 and a smaller proportion of the Band 2 parameter space.
Shear maps and power spectrum estimation
For a given experimental configuration, the output of the above simulation pipeline consists of a simulated galaxy catalogue which contains for each object its angular coordinates on the sky, an estimated (noisy) redshift and estimated (noisy) ellipticity components. We then process these simulated catalogues through a tomographic shear power spectrum analysis. We first bin the ellipticity measurements in both angular co-ordinates and in redshift space. As already mentioned, the catalogue simulation pipeline was run for a set of 11 bins, spanning 0 < z < 10, driven by computational requirements. For the power spectrum estimation, we rearranged them into 6 wider redshift bins, roughly equally-populated (see, e.g. Hu 1999 , for how to combine redshift bins). For the angular binning we again use the HEALPix pixelization framework to construct estimated shear (γ1 and γ2) maps by simple averaging of the catalogued ellipticities within each sky pixel. To reduce the number of holes in the map for this step we use a HEALPix resolution parameter N side = 1024 corresponding to a pixel size of ∼ 5.4 arcmin.
The power spectrum estimation uses the HEALPix package to transform the γ1 and γ2 maps to the spherical harmonic domain and to compute auto-and cross-spectra for all of the redshift bin combinations. These pseudo power spectra are calculated from the E-mode spherical harmonic coefficients according to Eq. (6). The power spectra are then corrected for the effects of incomplete sky coverage and intrinsic shape and ellipticity measurement errors, and averaged in bandpowers (labelled b) according to
In Eq. (12), the matrix M ij bb corrects observed power spectra for the effects of the finite survey area and the spatial distribution of simulated galaxies, while N ij MC is the "noise bias" due to intrinsic galaxy shape noise and measurement errors. We estimate this latter term from Monte Carlo simulations containing only noise. By randomising the position angle of the galaxies in the map, the shear signal is averaged out and we are left with just the effects of noise. Such noise power spectra are averaged over many (a total of fifty) realisations, until convergence is reached. Note that the noise bias must be subtracted off the auto-power estimates but it is zero for the cross-power spectra estimates between different redshift bins. P b is a binning operator that bins the estimated C 's into bandpowers. For more details of the power spectrum estimator and its use, see Brown et al. (2005) . Figure 7 presents the results of our simulation pipeline for one of the instrumental configurations and for the 6 redshift bins considered. The black lines are the input auto-and cross-spectra from theory and the purple error bars are the 1 σ confidence regions estimated from 96 realisation outputs. For each redshift slice, the power spectra are recovered for logarithmic bins in , spaced by dlog = 0.2 between = 1 and = 2048.
RESULTS
For all the runs performed we obtained an unbiased recovery of the input shear power spectra. However, the size of the 1 σ confidence regions varies considerably with the experimental configuration. As a quantitative way to summarise this property, we defined a signal-to-noise figure of merit FoMSNR as:
where c is a vector containing all the measured shear power spectra and cross-spectra for all bins in and redshift c = [C z1,z1 , C z1,z2 , ..., C z6,z6 ] and Cov is the covariance matrix of c estimated from the simulation. We performed a large number ∼ 50 of pipeline runs in a grid covering the usable regions of the PSF size-frequency parameter space displayed in Fig. 4 but here only present results for the best performing configurations (many configurations retained few enough galaxies after the resolution and sensitivity cuts such that the shear maps at our chosen resolution contained many holes, or no power spectrum detection was made). Finally, Table 1 summarises the results for some of the runs.
Optimising the observation frequency
In Fig. 8 we show the figure of merit FoMSNR as a function of frequency for the simulation runs performed for the baseline survey area of 5,000 deg 2 . Our analysis clearly favours the higher frequency Band 2 with respect to Band 1. This is due to the lower resolution achievable in Band 1, which results in a significant reduction of the number of galaxies meeting the size cut. The higher source counts at lower frequencies are not able to compensate for this effect. We also show that best results are obtained when the central frequency of Band 2 is allowed to shift downwards to ∼ 1.1 GHz. However, at these frequencies the improvement could be reduced by interference with the Global System for Mobile (GSM) band, which is not accounted for in our analysis.
Use of full bandwidth
We also consider the use of 100% of the available SKA bandwidth, rather than only the central 30%. This has the effect of increasing the sensitivity by a factor √ 3, but increases the influence of the ionosphere. In the case of Band 1, using the full bandwidth means the PSF size is now dominated by the ionospheric contribution at the lower limit of the band at 350 MHz, meaning few galaxies are resolved and several tomographic bins do not make a power spectrum detection. For Band 2, the figure of merit increases significantly as shown in Fig. 9 (by the comparison between the red and fuchsia points). This increase should be weighed against the potential extra difficulty in modelling the shapes of sources with significant spectral indices across the band and potential loss of commensality with other science cases. 
Optimising the sky area
The effect of different sky areas is shown in Figure 9 for 4 instrumental configurations. The optimal survey area results to be 5,000 or 10,000 deg 2 depending on the run considered. However, we note that the curves showing FoMSNR vs survey area are quite flat, which suggests that the performance does not depend critically on the area of the survey. Specifically, for the runs considered, FoMSNR changes by a factor 1.4-1.7 for an order of magnitude change in survey area. In fact, a reduction of the sky area obviously increases the size of the error bars at the lowest multipoles, which are poorly sampled. However, by spending more integration time per unit area, it also improves the sensitivity, thus reducing the error bars at high 's. These two effects largely compensate each-other in FoMSNR.
Dark energy figure of merit
The primary purpose of SKA weak lensing surveys will be to not just detect shear power spectra, but to measure cosmological parameters from them. Whilst the signal-to-noise figure of merit (Equation 13) provides a measure of how well we detect the shear power spectrum, this does not necessarily correlate well with the ability of a survey to do cosmological parameter estimation and model selection. In order to address this, we also calculate a dark energy figure of merit Figure 7 . Theory shear auto-and cross-power spectra for the six redshift bins (solid black lines) compared to recovered spectra averaged over 96 realisations (purple error bars) for the SKA1-Band 2-Centre 30% experiment, with 0.5 arcsec resolution, a central frequency of 1400 MHz making use of 30% of the available bandwidth.
FoMDE. As commonly defined in the literature, this quantity is proportional to the inverse of the area contained within the 1 σ marginal error contour on the dark energy equationof-state parameters, (w0, wa). To compute the dark energy FoM, we follow the Fisher matrix approach outlined in Paper I. In this case, though, the theoretical angular power spectra calculated according to Eq. (5) are calculated using the observed redshift distributions of sources obtained from the simulations. Then, we construct a Fisher matrix F αβ (see e.g. Harrison et al. 2016, Equation 21 ), where greek indices label the dark energy parameter set ϑα = {w0, wa}. Then, the dark energy FoM is defined via
In Fig. 10 we show the comparison between the signal-tonoise and the dark energy FoM. The two exhibit a very good correlation, which confirms that the signal-to-noise metric defined in Eq. (13) can be used reliably to forecast cosmological results. As a consequence, the FoMDE gives very sim- ilar indications as to what the optimal frequency and area of the survey is. The dark energy FoMs we obtaine here for SKA1 ( Fig. 10 and Table 1 ) are comparable with, though somewhat higher than, those reported in Paper I. This is because here we only vary {w0, wa} and not the full set of standard ΛCDM parameters. This improvement is only partially compensated by the higher level of realism incorporated in this analysis, which reduces the number of galaxies and therefore increases errors.
SKA2 run
In Fig. 11 we show the spectra and cross-spectra for the 6 redshift bins for the second phase deployment of the SKA (SKA2-MID). In this case, we consider just one instrumental configuration, as a demonstration of what can be achieved with the full SKA. Consistently with what considered in Brown et al. (2015) , this run corresponds to a 30,000 deg 2 sky coverage and a 10,000 hours integration time, with central frequency of 1400 MHz and half-arcsecond resolution. We assume to have spectroscopic redshifts for 50 % or the sources below redshift 2.0, and errors on the photometric redshifts as before.
The recovery of the spectra is excellent and yields figures of merit of FoMSNR = 1.4 ×10 5 and FoMDE = 1.2 ×10 3 . Note that the dark energy FoM should be considered as an upper limit, because the total error for such a precise measurement is dominated by degeneracies with other standard cosmological parameters, which are not accounted for in the present analysis. Nonetheless, our result is broadly consistent with what found in our companion work, where Section 4.2 shows the case for a forecast where no marginalisation over the full set of standard ΛCDM parameters has been applied (see values quoted in the caption of Table 2 , Paper I). After such a marginalisation, the dark energy figure of merit drops to values ∼50.
CONCLUSIONS
We have developed a detailed simulation pipeline to assess the capabilities of the SKA to perform accurate weak lensing studies. Our simulations takes into account several real world effects: (i) realistic radio-source properties (correlated redshift, flux and size distributions);
(ii) a selection function based on realistic sensitivity and resolution cuts implemented for different SKA configurations;
(iii) the effect of the ionosphere; (iv) errors in the galaxy shape measurement dependent on the source signal-to-noise; (v) errors in the measurement of redshift for the sources in the catalogue; (vi) a realistic power spectrum estimation procedure in the presence of incomplete sky coverage.
Such a detailed simulation goes significantly beyond previous weak lensing forecasting studies. We applied our simulation tool to optimise a weak lensing survey for the first deployment phase of the SKA (SKA1-MID). We based our assessment on the total signal-to-noise of the shear power spectra, a metric that we found to correlate very well with a standard dark energy figure of merit.
With a 5,000 deg 2 survey, best results are obtained with Band 2 (covering 950-1760 MHz as currently defined) with respect to Band 1 (covering 350-1050 MHz). This is mostly due to the higher resolution achievable in Band 2, which is not compensated by the higher source counts achievable in Band 1. Indeed, the best trade-off between sensitivity, resolution and source counts would be obtained by shifting the centre of Band 2 to lower frequencies, ∼1100 MHz. This Figure 11 . The improvement on Fig. 7 from the factor ten improvement in sensitivity when considering the SKA2 telescope. Theory shear auto-and cross-power spectra for the six redshift bins (solid black lines) compared to recovered spectra averaged over 80 realisations (purple error bars) for the SKA2-Band 2-Centre 30% experiment, with 0.5 arcsec resolution, a central frequency of 1400 MHz making use of 30% of the available bandwidth.
however does not take into account GSM interference, which could reduce the improvement.
In terms of survey area, best results are obtained with 5,000 deg 2 or 10,000 deg 2 , depending on the instrumental configuration. The effect of survey area is however not as important as that of the central frequency of the survey. Finally, we also presented the forecasts for the second deployment phase of the SKA (SKA2-MID) for a 30,000 deg 2 survey in Band 2 as currently defined. This improves the dark energy figure of merit of two orders of magnitude with respect to the same instrumental configuration for SKA1-MID.
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